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Abstract—Octane rating of hydrocarbons from engine fuels have been determined using the four-parametric
logistic regression. Regression equations have been constructed for homologous groups, carbon atoms number
being the independent variable. The method accuracy is no worse than that of experimental methods of octane
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Estimation of physico-chemical properties of related
organic compounds (primarily in homologous groups)
via regression methods is a topical issue [1] due to
complications of experimental determination of some
properties. Depending OR the raw data availability, the
estimation methods are subdivided into the following
groups:

(a) additive schemes utilizing the pre-determined in-
crements of structural fragments of the studied molecules;

(b) methods utilizing the information OR change of
the property in question in other, better studied, series
of compounds;

(c) methods utilizing information OR change of
other, better studied, properties in the series of com-
pounds in question; and

(d) methods utilizing the known values of the
property in question for the compounds belonging to
the series under consideration.

The latter type of tasks presumes utilizing of
regression methods in order to estimate the value A4 of
the considered property accounting for the compound
place in the considered series. The simplest case if the
approximating equation of the 4(n) type with » being
number of carbon atoms in the molecule.

The approximating functions y = y(x) having two
finite limits at x — 0 and x — o form a special group
of equations. Such equations result, for example, from
processing kinetic data for auto-catalyzed reactions
(the product acting as a catalyst) [2]. They can be fitted

by four-parameter non-linear relation, so called logistic
regression
. M)
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having the following limits at k # 0:

a

+c

2

limy =

x—0

1+b
limy=c, k<0,

X — oo

limy=a+ec, k> 0.

X — oo

If parameters a and ¢ are known, the u = (y — ¢)/a
(with b # 0) change of wvariables gives a single-
parametric nonlinear differential equation (2), equivalent
to Eq. (1).

du o
. (1—u). 2)

Logistic regression has widely applied in many tasks.
For example, Eq. (1) describes kinetics of quercetin
oxidation in aqueous solutions [3] and of solid-phase
topochemical reaction of aryldiyne carbamates poly-
merization [4]; it has been applied to estimate the
plants winter hardiness as well [5]. Processing of
results of quantitative analysis (the sequential additives
method) sometimes require extrapolation to the in-
finitely large additive, a possible solution of the
problem is using logistic regression [6].
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Examples of physico-chemical parameters of organic
compounds that can be fitted with Eq. (1) within the
homologous series have not been known so far. Herein
we report OR determination of octane rating of
hydrocarbons in several homologous groups taking
advantage of the four-parametric logistic regression.

Octane rating (OR) reflects the detonation tolerance
of engine fuel as well as of individual components of
the fuel [7]. Octane rating can be experimentally
determined using several methods [7, 8]: in particular,
Motor Octane Rating MOR, Blending Octane Rating
BOR, Pump Octane Rating POR, Road Octane Rating
ROR, and Anti-Knock Index AKI are reported. Octane
rating determined via different methods are generally
close; however, exceptions are known: for example, in
the case of 1,5-hexadiene MOR = 37.6 and BOR =
71.1. The difference between octane rating resulting
from the determination method reflects sensitivity of
the fuel to the changed regime of engine operation [8].

In order to estimate and compare the operational
parameters of engine fuels and their components, the
octane rating value should be reproducible using a
standard method. At the same time, analysis of octane
rating as a physico-chemical property of organic
compounds is possible using mean values and standard
deviations of the parameter determined using different
methods. Result of statistical analysis of the reference
values of octane rating for 34 hydrocarbons is given in
Table 1.

Standard deviation of octane rating is generally
below 10% of the mean value, being somewhat higher
in the case of cycloalkanes. Hereafter we will discuss
mean octane rating.

The experimental determination of octane rating is
subject to certain complications; therefore, approaches to
estimate OR from other physico-chemical properties
have been developed. In particular, octane rating
depends OR the ratio of numbers of hydrogen atoms at
primary, secondary, and tertiary carbon atoms in a
molecule; hence, OR can be estimated from IR spec-
troscopy [9-11] or Raman and *C NMR spectroscopy
[12, 13] data. In the case of multicomponent fuels (but
not for individual hydrocarbons) octane rating can be
determined from data of gas chromatography analysis
[14-17]. A method of optimization of fuel composition
to obtain certain OR value has been proposed [18].
Other known methods to calculate octane rating of
hydrocarbons utilize molecular topological con-
nectivity indices [14], genetic algorithms [19], modified
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additive schemes [20, 21], and neural networks [13].
The trends of OR change within various homologous
series (n-alkanes, 2-methylalkanes, and 2,2-dimethyl-
alkanes) as well as in the series of congeners with varied
number of methyl groups have been discussed in [22],
but logistic regression has not been applied to the
analysis of octane rating values.

The available reference data mainly include octane
rating of petrol fraction hydrocarbons (those with
normal boiling point below 220°C and containing up
to 12 carbon atoms in the molecule). One-side
estimations of OR are known for some compounds
with large number of carbon atoms (for instance, OR <
—30 for m-hexadecane), such estimations are not
suitable for calculations. In general, simple compounds
containing small number of carbon atoms have been
well studied experimentally. However, octane rating
have been experimentally determined for relatively
few of numerous higher homologs. Hence, the problem
of theoretical estimation of octane rating is of special
importance as far as higher hydrocarbon homologs are
considered. Further limitation of the choice of the
compounds to be evaluated is that approximation with
Eq. (1) requires at least four compounds of the group
to be characterized experimentally. Taking the above-
mentioned considerations into account, we selected 57 com-
pounds (in 10 groups) of the available 264 compounds
for analysis (Table 2). Note that (E)- and (Z)-isomers
were included in the group of alkenes-2.

Successful approximation of octane rating values
within groups of homologs requires that the
approximating functions has a finite limit with in-
creasing number of carbon atoms in the molecule; the
validity of this assumption should be specially
considered. Let us analyze a representative example of
octane rating of n-alkanes C,—C,, as function of the
carbon atoms number in the molecule (Fig. 1).

Rigorous proof of existing of a finite limit at n — o
may utilize a function with known conditions of finite
limit to exist, well approximating the OR numbers.
Linear recurrent equation (3) is a convent choice to
describe monotonously changed physico-chemical
properties A of organic compounds as function of the
carbon atoms number nc [23-25]; parameters p and g
of Eq. (3) can be calculated using least squares method.

A(nc + 1) =pA(nc) +q. G3)

Evidently, if in Eq. (3) 0 < p < 1 then property 4
has a finite limit.
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Table 1. Statistical processing of reference data OR octane rating of selected hydrocarbons

Compound Experimental data OR octane rating l\ite(;ln d(;cr::lalcll:ia;g:)ghi
Methane 120, 120, 110, 107.5 114+7
Ethane 108 108
Propane 112,97, 100, 105.7, 97.1 102+6
n-Butane 90.1,93.6,91.0, 93,113, 114, 94, 89.6, 93.8,93.6 97+9
2-Methylpropane 102, 99.0, 101.1, 91, 122, 97.6, 110.1 103+10
Pentene-1 34,77.1,90.9,90.0,91, 77, 89, 76 847
Cyclopentane 101, 85, 141, 141, 100, 84.9, 98, 79, 101.3, 100.1 10724
n-Pentane 62,61.7,61.9, 62,62, 62, 67, 62.6,61.7 62.6+1.8
2-Methylbutane 90.3,92.3, 92,90, 99, 104, 96, 93, 100 95+5
2.2-Dimethylpropane 85. 80, 100, 90, 85.5, 80.2 8748
Benzene 101, 116.3, 113.0, 114.8, 106, >100, =100, 99, 91, 101, 93, 104+8
102.7, 105, 111.6, 102.8
Cyclohexane 77.2, 83.0, 83, 77, 110, 97, 82.5 87+12
Methylcyclopentane 80.0,91.3, 91, 80, 107,99, 74 89+12
n-Hexane 25, 26, 26, 24.8, 25,26, 19, 22,29, 33 264
2-Methylpentane 83.73.4,73.5,75,77,74.5, 82 77+4
3-Methylpentane 86, 74.5, 74.3, 80, 78 79+5
2,2-Dimethylbutane 93.4,91.8,92,93, 89,97, 96,93.4 93.242.5
2,3-Dimethylbutane 94.4,96,92.1,105.8,94.3, 103.5, 100.3 98+6
Toluene 121, 107, 114, 102.1, 115.7, 120.1, 103.5, 118, >100, >100, 124, 112+8
112,114,103, 111, 101, 100.3
Methylcyclohexane 75. 71,104, 84, 70, 70, 74.8, 71.1 77+11
n-Heptane 0 (definition of octane rating), 4 0
2-Methylhexane 44,44.6,42.4,46.6, 41, 46.4, 40 43.6£2.6
3-Methylhexane 55, 56,52, 57,59, 55.8 55.8+2.3
Ethylbenzene 107.4, 97.9, >100, 98, 124, 107, 112, 99, 97.9, 100.8 105+9
n-Octane -17,-10,-19,-15,-20,-19,-19 -17+4
2-Methylheptane 23,23.8,21.7, 13,19, 29,206 22+5
3-Methylheptane 26.8, 35, 30,27 304
2,2 3-Trimethylpentane 109.6, 99.9, 105, 101.0, 100, 100, 105, 112, 106, 101.2 105+4
2,3.3-Trimethylpentane 101.6, 99.4, 103, 100, 106.1, 111, 102, 100.6 103+4
2.2.4-Trimethylpentane (isooctane) | 100 (definition of octane rating), 96, 97 100
Isopropylbenzene >100, 99, 132, 124, 112, 102, 99.3, 102.1 110£13
2.2.3.3-Tetramethylpentane 123,116.8, 117,92, 95.0, 103.6 108+13
n-Undecane —35,-35 -35
n-Dodecane —40, —40 —40
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Table 2. Parameters of logistic regression (1) equation for hydrocarbons of different homologous groups
Number of Parameters of Eq. (1)
Group of homologs compounds —

(V) a b x 10° —k cts(c) IAl®
n-Alkanes 12 151.5 5.16 0.920 —36.0£2.5 2.6
2-Methylalkanes 7 954 0.14 1.353 10.3£3.0 1.6
2.2-Dimethylalkanes 7 45.9 0.00 2.296 45.6+3.1 22
2.3-Dimethylalkanes 4 40.0 0.02 1.475 62.7 —
2.(n — 1)-Dimethylalkanes 4 94.2 0.09 1.190 13.4° —
n-Alkylcyclopentanes 5 154.0 1.49 0.862 —32.0=14.6 0.7
n-Alkylcyclohexanes 4 79.6 0.00 2.056 9.1° —
Cycloalkanes 4 87.2 7.05 0.953 59.4° —
Alkenes-1 6 146.2 4.14 0.659 —48.8° 0.7
Alkenes-2 4 39.8 0.00 2.038 52.2° -

* If a group contains four compounds, error of approximation cannot be calculated, and the ¢ = y(e0) value is given without standard
deviation. ® |A| is averaged absolute deviation of the calculated and the accepted experimental values of octane rating. © Reference data
of octane rating gives the values in between 89 and 32, and the limiting value was thus estimated with huge error (—48.8+86).

A =limA(nc) =
ng— 1-p
As seen from the example in Fig. 1, the OR(n)

dependences are nonlinear within the homologous

groups. Such curves reveal an inflection point (d%4/dn* =

0), and the plots of recurrent functions (3) contain two

linear branches (Fig. 2).

Three points in the right-up part of the plot in Fig. 2
showed the almost linear dependence (3) for the C,—C4
n-alkanes. That part of the plot could be used to
estimate the lim,_,OR(#) value, but octane rating for
simplest alkanes are wusually known from the
experiment. The left-down linear part of the plot (for
the Cs—C;, n-alkanes) is more interesting, reflecting
extrapolation of the OR values to n — oo. The least-
squares analysis of the data gave the following
parameters of the linear plot [and, consequently, of
Eq. (3)]: p = 0.65+0.03 and g =—15.7+0.9 (R* = 0.992)
as p < 1, the finite limit of OR(#) at n — oo exist, being
equal to —15.7/(1-0.65) = —44.9.

Similar conclusion follows from analysis of more
complicated second-order inhomogeneous difference
equation (4) [26].

A(ne +2)=pA(nc + 1) + gA(nc) +r. @

In contrast to Eq. (3), the Eq. (4) allows ap-
proximation of data for all the C;—C;; alkanes with a
single function. Solution of Eq. (4) can be written as

Eq. (5)
A(ne) — Co+ Cyzf + Goz3, (3)

where z; and z, being the roots of the z° = pz + ¢
equation with parameters p and ¢ following from
analysis of Eq. (4) via least-squares method;
parameters Cy,, C;, and C, result from the least-squares
processing of Eq. (5) using z; and z; as basis functions
[26].

Analysis of OR of the C;—C;, n-alkanes using
Eqgs. (4) and (5) confirmed existence of the finite limit
lim,.,OR(n) = —47.8, its value was close to that
obtained using Eq. (3).

Hence, existence of a finite limit of n-alkanes OR
for higher homologs was rigorously confirmed. Ap-
parently, the same should be true for other homologous
groups as well. Let us further consider the results of re-
gression analysis of the data for various hydrocarbons.

Table 2 lists coefficients of Eq. (1) for ten
homologous groups of hydrocarbons. Accuracy of the
OR values approximation with the regression equation
was characterized with average absolute deviation of
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Fig. 1. Mean octane rating of n-alkanes C1—Cj, as func-tion
of number of carbon atoms in the molecule. (Solid line)
gives approximation with the logistic regression. Limiting
values y(0) = 115+3 and y(e0) =—36+3.

the calculated OR from the corresponding mean
experimental value (JA|]). Five of the homologs groups
contained only four compounds each, and accuracy of
the approximation and the ¢ = lim, ,,OR(n) extra-
polation could not be estimated. Nevertheless, even
using the limited number of the hydrocarbons with
reliably known OR we could convincingly demon-
strate the potential of logistic regression analysis to ap-
proximate OR values for different classes of
compounds. For example, solid line in Fig. 1 shows
the logistic regression (1) approximation of octane
rating values for 12 m-alkanes. The theoretical curve
adequately describes the experimental values, the
approximation error |A| being of 2.6. The limits of OR
were lim,,OR(n) = —11543 and lim,—..OR(n) =
—36+3. The first value was close to OR of methane
(114), and the second estimation was in good
agreement with the experimental value for n-dodecane
as well as with recurrent estimations using Eqs. (3) and
(4) (45 and —48, respectively).

Let us consider estimations of the limiting OR
values for hydrocarbons of different classes as ob-
tained using the logistic regression. The lim,_.,OR(n)
values were in all the cases close, the average value
being of 107+18 (104+11 after exclusion of the least
reliable highest and lowest values). The reliable
estimates of lim, ,,OR(#) (with more than 4 com-
pounds in the homologous group) revealed negative
values for n-alkanes (—36), alkenes-1 (—49), and n-
alkylcyclopentanes (—32). For the branched molecules
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Fig. 2. Graphical presentation of recurrent function (3) for
n-alkanes C;—Cy».

the limiting values were higher: 10 (2-methyl-alkanes)
and 46 (2.2-dimethylalkanes). The rough estimates (as
calculated basing OR data for four homologs only)
were as follows: 13 for 2,(n — 1)-dimethyl-alkanes (in
agreement with the estimation for 2-methylalkanes, 10),
—41 for 2-methylalkenes-1 (in agreement with the
estimation for alkenes-1, —49), and 106 for the C4—C,
n-alkylbenzene (the highest limiting OR throughout
the studied classes).

To conclude, the lim,..,OR(n) limiting values
reflected structural features of the studied homologs.
The consequence of that is a limitation of logistic
regression applications to estimate OR values: such
regression analysis is not applicable for homologous
groups containing less than four compounds, as using
OR values for other classes of compounds to build the
model may lead to significant inaccuracy of the
estimation. Examples of such poorly characterized
groups are dienes [with reference data available for 3-
methyl-1,2-butadiene (52+13), 2-methyl-1,3-butadiene
(90+£13), and 1,5-hexadiene (scattered data)], cyclo-
alkenes [cyclopentene (82+17) and cyclohexene
(73£15)], and methyl ftert-alkyl ethers [methyl tert-
butyl ether 110+8) and methyl tert-amyl ether
(106+12)]. Estimation of octane rating within these
important classes required further development of the
regression model.

Predictive performance of the logistic regression is
additionally illustrated with data in Table 3, where the
experimental values and these estimated using Eq. (1)
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Table 3. Comparison of experimental and calculated octane rating of selected alkenes-1 and 2,(» — 1)-dimethylalkanes, along
with the calculated values for the experimentally not characterized homologs

Number of carbon Alkenes-1 2.(n — 1)-Dimethylalkanes
atoms in the molecule experiment® calculated experiment® calculated
5 84 83 — _
6 70 71 98 98
7 55 54 82 82
8 32 32 55.7 56
9 - 8 - 32
10 — -12 20 20
11 - 27 - 16
12 - -36 _ 14

* Mean of the experimental values determined using different methods.

are compared for homologs of alkenes-1 and 2,(n — 1)-
dimethylalkanes, along with the estima-tions made for
the compounds not studied experi-mentally. In all the
cases deviations of the estimates from the
corresponding experimental values were below unity.

EXPERIMENTAL

OR values used for the models construction were
obtained by averaging the reference data from [16, 17,
22, 27, 28]. All the available types of OR (MOR,
BOR, POR, ROR, and AKI) were averaged. Single
values of OR were used without standard deviation,
and the one-side estimations were excluded from
calculations. Data for 249 hydrocarbons and of 15
other compounds were processed. The starting datasets
and the averaged values of OR for selected compounds
are given in Table 1. The logistic regression was built
and analyzed taking advantage of Microsoft Excel
2007 (“Find Solution™), Microcal Origin 4.1/8.1 (Fit
Sigmoidal), and Maple 14 (calculation of regression
coefficients and estimation of the approximation
accuracy) software.
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